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Abstract. This article establishes a real-variable argument for Zygmund's theorem 
on almost everjrwhere convergence of strong arithmetic means of partial sums of 
Fourier series on T, up to passing to a subsequence. Our approach extends to, 
fvj ' among other cases, functions that are defined on T'*, which allows us to establish 

an analogue of Zygmund's theorem in higher dimensions. 



\^ I 1. Introduction 

i-G , Let T = R/Z and denote by S„f{d) the partial sum of the Fourier series of / 

C^ ' with respect to the trigonometric system. Thus, with e{d) :- e^™^ we have for any 

f & L^ (T) and nonnegative integer n, 

n 

{S„fm=Y,r{i)e{ie) 
>■ . /'=-" 

Cn ' The most classical questions in Fourier analysis concern the convergence of this 

sequence of partial sums. "Convergence" here of course admits many different 
Z^ I interpretations. The archetypical notion of convergence, i.e., the pointwise sense, 

was eventually replaced by more flexible and robust ones, such as almost every- 
where or LP convergence. Many investigations into fine convergence properties of 
^^ . Fourier series ensued, such as by the Russian school, Zygmund's school, as well 

as by Hardy and Littlewood. One result of these efforts was the formulation of the 
Lusin conjecture in 1915: for every / e L^(T) the partial sums S„/ converge almost 
everjrwhere. In contrast to this assertion, Kolmogoroff (6l famously constructed 
an L^ function in 1923 for which S„/ diverges almost everjrwhere. Cast in modern 
^ \ terminology, he showed that there exists / e L^(T) such that the Carleson maximal 

' ' function 

Cf := sup \S„f\ 

n>0 

satisfies 

\{Cf < (x^ll = 0, 
see for example Chapter 6 of f9l. In a major breakthrough, Carleson fT] proved 
Lusin's conjecture in 1966. This was extended to / e U'{T) for any p > 1 by Hunt 
im. For more historical background, as well as for a modern presentation of these 
results, see the book fTO). 
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However, research into Fourier series did not limit itself to the basic investigation 
of convergence of the partial sum sequence. Let us give three examples of finer 
questions: 

• How fast may partial Fourier sums grow for a given / e L^(T)? 

• Given / e L^, what can we say about the density of possible subsequences 
{tii^] in N for which |S„j./} does converge? 

• Does there exists a sequence {Mj} of positive integers such that for the 
Fourier series of any / e L^(T) we may find a subsequence \Sm-f} of its 
partial sums such that nij < Mj and Sm f — > / almost everywhere in T? 
This is known as Ul'yanov's problem. 

As for the first question, Hardy's classical inequality |3l states that 

|Sii/(0)| = o(logn) as M — > oo 

Concerning the second question, Zygmund ([12|, Ch. 13) proved the following 
result. 

Theorem 1. For every f e L^(T) and for almost every e T, there exists a sequence {njt} 
(depending on 6) such that S,nf{d) -^ f{6) and 

#({n,}n[0,N]) N^oo 
N ' 

A partial answer to the third question was found by Konyagin [7]: 

Theorem 2. There exists a sequence [Mj] such that for every function f e L^(T) there is 
an increasing sequence [mj] such that mj < Mjfor infinitely many j and Smf -^ f almost 
everywhere. 

Here My grows faster than any multiple iteration of the exponent. A more 
thorough review of these results appears in Konyagin's survey |8|. 

In this paper we revisit Zygmund's classical Theorem[TJ our main goal being a 
higher-dimensional version of his result. Before going into more details, we remark 
that Zygmund deduced Theorem [T] from the following asymptotic vanishing of 
strong arithmetic means of Fourier partial sums: 

Theorem 3. For any f e L-^(T), 

1 ^ 

-Y^\Snfie)-f{e)f^o 
«=i 

for allr > and for almost every e T. 

In fact. Theorem |3] with a single r > suffices in order to deduce Theorem [1] 
Zygmund based his proof of Theorem|3]on complex variables. To be more specific, 
his proof relies on the Poisson integral of a function in order to bound the derivative 
of its analytic extension to the disc. This is used in order to exploit a convergence 
estimate for the Poisson integral of a function which then gives rise to a convergence 
estimate for X„^i \S„f - f\''. 

Theorem |3] has been extended in various directions. Gogoladze |2J generalized 
it to Orlicz classes: 

1 ^ 

(1) j^Y,'^iSnf{e)-f{d))^o 

n=l 
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almost everywhere in T where O is continuous, positive, convex, and log 0(m) = 
0(u/lnlnu). Gogoladze's proof is based on Zygmund's technique. Rodin [ll] 
established the same result as Gogoladze, but found that a certain type of radial 
maximal function is bounded in BMO. This allows him to conclude the argument 
by means of the John-Nirenberg inequality Finally, we remark that Karagulyan [5l 
showed that ([ij fails if 

limsup = CO. 

t-t+ix t 

The inherent complex variable nature of the aforementioned classical body of 
work precludes any extensions to higher dimensions. Our first goal is therefore to 
develop a real-variable argument leading to Theorem |3] that holds up to a choice of 
subsequence. We succeed in doing this for r < 2, but encounter encounter some 
difficulties for powers r > 2. 

To be more specific, we show that for any / e L^ (T) and any A > there exists a 
set £ c T with |£| < \ such that 

(2) s^PmE/ \Snf{xtdx<CA\\f\\l 

N>1 '-^ f—^ JT[\E 

where C is an absolute constant. Three aspects are crucial about this statement. 
First, we are bounding an average of second moments by the L^ norm of /. Second, 
without the removal of E from T, the best we can do is invoke Bernstein's inequality 
which implies 



1 ^ 

- Y^ \\Snf{x)\\l < CNWfWl 



H=l 

And third, we emphasize that E does not depend on N. 

Our approach relies on no more than the Calderon-Zygmund decomposition 
and a covering lemma for dyadic intervals. Thus, in contrast to the aforemen- 
tioned contributions, harmonic extensions to the disk are avoided completely. As 
expected, the real-variable nature of our approach renders it more flexible. It ex- 
tends to higher dimensions as we now describe. Define the Fourier multiplier 
operators 

Sirf = r-HxRj) 

where xr-^ is the indicator function defined on Z'' for the rectangle 

Rn = {me'Z'' : -rij < nij < rij, 1 < / < d} 

Then for all / e L^^W^) and A > 0, there exists £ such that J^\E) < \ (where Jf^ is 
d-dimensional Hausdorff measure) and 



^"PliE / \Snf{xfdx<CA\\f\?, 

iv>i N" J—^^ Jt'\e 



W^l '^ «1F- -^T^E 



where 

R;; = {H e (N \ {0})'' : ||m|U < N} 

and with C an absolute constant. Then this leads to the following analogue of 
Theorem|3l 
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Theorem 4. For any f e V-{T''), there exists a sequence [Nk] c N 

^EMe)-/(0)r^o 

for0<r<2. 

As in Zygmund's case, we may deduce a density statement. 

Corollary 5. For every f e 0(1'^) there exists a sequence {Tie] c N'' (depending on 6) 
such that Sjjjid) -^ /{&) and 

,. #imn[0,NY) k^^ 

iim sup > 1 

Our paper is organized as follows. In the following section we present some 
preliminary results concerning Calderon-Zygmund decompositions and how they 
relate to the Cesaro-type averages we wish to investigate. As expected, the slowly 
decaying tails of the Dirichlet kernel appearing in ^ are the source of some techni- 
cal difficulties. We isolate the most serious one of these difficulties, and formulate 
a covering lemma which allows us to deal with it. The covering lemma is proved 
both on T as well as on T**. 

In Section 3 we present the core of our argument, i.e., the real-variable proof 
of l|2|. In addition, we obtain the analogous estimate on the line K as well as on 
higher-dimensional tori T''. 

In the final section, we use standard arguments to establish the weak-type esti- 
mates on the associated Cesaro maximal functions which in turn lead the desired 
a.e. convergence results in any dimension. We also present the density result of 
Corollary |5l 

In higher dimensions it is of course natural to ask about analogues of our aver- 
aging theorems relative to other geometries. Most importantly, instead of partial 
sums over rectangles we may wish to study partial sums over balls in Fourier 
space. This will be treated elsewhere. Another unanswered question is whether 
the argument presented here can be used to obtain the complete statement Theo- 
rem [T] and Theorem |3l We believe that this is possible but an argument for that is 
not presented here. 

2. Calderon-Zygmund decompositions and bounded Fourier support 

We first present some preliminary results related to our main theorems. To 
set the stage, we begin with an immediate corollary of the Calderon-Zygmund 
decomposition: 

Proposition 6. Let A > 1. Then for any f e L^(T), there exists £ c T, with \E\ < j such 
that 

[ \f{efde<A\\f\\l 

JT\E 

Proof. Fix / and suppose ||/||i - 1. We first perform a Calderon-ZygmLind decom- 
position at height A > 1. Of course, the case A < 1 is trivial because |T| = 1. From 
the C-Z decomposition we get a collection of disjoint, dyadic intervals, S, such that 
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for any I e 



-^-^ 



and for any x e T \ U/ggI, \f{x)\ < A. Then we decompose f as f - g + b where 



l€'B 



and g := f -b. Then we can let 



From this we have |E| < j and 

\f{efde= f \g{dfde 

: JT\E 



A\g{e)\dd<A / \g{d)\de 

IT\E Jt 

< M\g\\i < A 



\h{d)rdd<A = 

T\E JT\E 



Then for any / e L^, let h := //||/||i and we have 

\f{e)\^de<A\\f\\l. 



/T\E 

This completes the proof. n 

Next, we show that the previous estimate remains essentially unchanged if we 
introduce an "uncertainty" of scale jj into the function /. This is the first major 
step toward our main result. We note that in this proposition, / depends on N 
and thus the exceptional set E implicitly depends on N. Due to this circumstance, 
our main theorem on Fourier series is not an immediate corollary of the following 
proposition. Rather, we shall need to rely on the covering lemma which is presented 
later in this section, see Lemma |8] 

Proposition 7. LetN e'N, A> 0. Then for any f e 0(1) such that supp{f) c [-N, N], 
there exists E c T, with \E\ < j such that 

{BN*\f\^mde<CA\\f\\l 

T\E 

where Bn{x) = ^X[-i/2n,i/2N](^)- 

Proof. We assume again that ||/||i = 1. Fix A > 1 and N e N. We still perform a 
Calderon-Zygmund at height A for /, and denote the collection of "bad" intervals 
given by the decomposition by S. But we note that we cannot expect Bjv * |/p < A^ 
on T \ U/ggJ as in the previous problem due to the "smearing" of the function / 
from the convolution with Bn- We begin to handle this problem by simply defining 

E:=[j3-I 
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where 3 • I is the interval with the same center as the interval I but which is of length 
3|I|. We will split / into three parts and show that the inequality holds for each 
part. From the Calderon-Zygmund decomposition, we have f = g + b. We split the 
collection S into Si and S2, where Si is the collection of intervals in S with length 
greater than 1/N and S2 is the collection of intervals in S with length less than or 
equal to 1/N. Then, let b = bi+b2 and fi := xif where 



leSi leSi 

and b2 = YjXif = Yj fi 



l€S2 JG»2 



Thus f - g + bi + b2- Let Vn be the de la Vallee Poussin kernel. Since supp(/) c 
[-N,Nl f = Vn*/ =■■ f^^ and thus f^^ = g^^^ + b'f^ + fcf \ The sharp cutoff's 
of the indicator functions introduce higher order Fourier coefficients, so supp(^), 
supp([7i), and supp(fo2) are no longer necessarily contained in [-N, N] . This prevents 
us from having g^^^ = g, b'f^ = foj, and fof ^ = b2. Although g^^\ bf\ and fof ^ are 
not supported on disjoint sets, we will allow ourselves to gain a constant factor in 
order to bound each term individually: 



/ Bn * I/I' </ BNHg*^^l'+/ BN*|^'ri'+/ Sn*|4' 

Jt\e Jt\e Jt\e Jt\e 



/t\e Jt\e Jt\e " Jt\e 

We first consider g^^\ for which we have 

Wg^^^Wo. = \\g*VN\U < II^II«,||VnIIi < AIIVjvlli < A 
whence 



/ {BN*\g^''^fmdd< [ A(BN*|g<^^l)(0)d0 

JT\E JT\E 



/T\E JT\E 

r, _ i^rN^i\/^\ Jr. urn _ iJN)iu 



A{BN*\g^''W)de^A\\BN*\g^''^\\ 



/T 

< A||BNllil|g<^)||i < All^lliliyivlli 
<A 

which is all we need to show for g. For fo^ , let I* := 2 ■ 7 and V^j * ^1 =b* + b, where 

b' ^Y^ Xi'iVN * fi) andb='Y XiV'i^N * fi)- 

Then 

/ BN*\bf\^< I Bn*\V\^+ f BN*\bf 

Jt\e Jt\e Jt\e 

We can handle b* easily. By definition of b", supp(|l?'p) = U/gSj2 ■ I and thus 
(3) supp{BN*m')=[J2-I+\-l^,l^c[J3-I = E 

The set inequality from the previous line is due to the fact that |/| > ^ for all I e Si. 
This implies 

BN*\b'f^O 

T\E 
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In order to handle b we start with a claim: 

Claim: ||^|U = ||LiXt\i-/j'^'||oo < A. 

We consider the two possible cases for any x e T: either (1) x e T \ U/* or (2) x e I* 
for at least one I e Si. In the first case, for any x e T \ U/', XT\i'i^) = 1 so 



\Hx)\ < Y, XT\i'ix)\f\x)\ = Y, ^W- WK^N * mx)\ = Y \(Vn * fi){x)\ 

leSi 



leSi leSi leSi 

< 

leSi 



In the second case, x e H* for some subcollection of Si, {Hk). Then Xivix) - 1 for 
r i {Hk] and XtwXx) = 0, so 



S(X) = Y XT\/.(x)|/r(^)l = E XT\I'{x)\f\x)\ 
< Yj^\VN\*\fl\){x). 






In this case, for every \Vn\ * \fj\ in the sum, x e T \ /'. So in both cases, we are 
taking a sum of (|VnI * l/;l)(^) where x i Ul* and the union is taken over the same 
intervals as the sum. Therefore, it suffices to assume that we are in the first case 
and X e T \ Ul*, where the union is taken over all I e Si. So we fix some x e T \ Ul*. 
First in order to bound each \Vn\ * |//|, we recall that IVnIj/)! $ ^iriin(N^, Ij/I"^), then 

\Hx)\ < X,(|VnI * \fi\)ix) = Y, I \Vn{x - y)||//(y)| dy 



imin(NMx-y|-2)^|/j(y)|dy 



The |/7(y)| gives us that the product is nonzero for y e /, and by assumption x e T\r. 
Therefore, |x - y| > i|J| > ^ (for every / e Si) which implies \Vn{x - y)| < ^|x - y|~^ 
and 



/'lmin(NMx-y|-2)y |/Ky)|dy 



1 V-. 
< 



^ y sup |xo - yr^ll/illi By Holder 



for any fixed x e T \ Ul'. For each /, |x - y| with y e / is at least j\I\. Of course, 
|x - yl will be greater than the distance between x and / for any ye/. Then 
|x - yl > max(|/|, dist(x,/)) which implies |x - y| > |i| + dist(x,/). Thus by ordering 
Si = [Ij] by proximity to x (considering only those intervals to the right of x without 



8 BOBBY WILSON 

loss of generality) we obtain 

1 

-V sup|x-yr2||/;||i 

ISil 

N ■ 









< 



--—; -: — - — — -r By the C-Z decomposition. 

(|J;|+dlSt(X,Z;))2 ^ ^ 



Let (px{y) '■= min(N2, \x - y\ ^). Then, for all y e Ij, 

1 1 



^ </':f(y) 



(|J;| + dist(x,Z;))2 ~ |x-y|2 

=^(|I,Kdist(x,Z,))2^g'^^(y) 

We also recall that the I, are pairwise disjoint. Therefore, the sum Y}. \' j^-^r 

' ^ ' ■^;=i (|j^|+dist(,T,i,) 

is bounded by a lower Riemann sum of (px{y)- Whence, 

PxWl 



N^ (|J,| + dist(.v,;,))2 ~n' 



4n.. 



In conclusion, the claim holds and ||fc||o<, < A, which implies 

/ {BN*m{x)dx<\\BNh f mfdx 

Jt\e Jt\e 



< IIBnIIiA / \b{x)\ dx (from \\b\\^ < A) 

Jt\e 

Yj [ XT\i-{x)\fP{x)\ dx<AY^ f \fP{x)\ dx 



< A 2]^ ||/;||l < A. 



Finally we have shown for b^ 



,(N) 



f BN*\bf'\^< f BN*\bf+ f B 

Jt\e Jt\e Jt\e 



'n * \W ^ A. 



For ^2/ we first assume N = 2-' for some 7 e N and we let / be the collection of 
dyadic intervals of length N~^ = 2~L We will basically show that there should not 
be any bad intervals of length less than or equal to 1/N. Heuristically speaking, 
we expect this since by the Uncertainty Principle, functions with Fourier support 
contained in [-N, N] are essentially constant on the scale of ^. To be more precise 
we shall now establish the bound Hi'j lU ^ A. Since / e S2 are dyadic, each I is 
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contained in a length ^ interval. So we let 



fcf) 



AN) 



l€S2 






where the / intervals come from the 1/N partition. Henceforth, we will let 

fl--Xjb2 = Yjfi- 

1ES2 

We first note again that \VN{d)\ < ^ min{\d\-^ , N^) and thus 

\f\y)\ ^ ^ ^ min(|y - x\-^N^)\f,{x)\ dx 
< ^M\\imin{sup\y - x\-^,N^) 

^^ X€] 

4ii/^||^dist(y,))^+^ 



Then 



my)\ = 



l/N 



Y dist(yj)2 + j;ij 

<(max||/;||i)E ,. ,/^!^2^ 1 
We also note that by the Calderon-Zygmund decomposition for any /, 

..... III//II1 , 1 ^'gll/^lli 



< 



l^^^^^^im 



N I/I 



N I/I 



Therefore, 



Ifcf (V)| < (max||/r||i)y — r- 

\2 Wl J lWlli^£.dist(y,/)2 + ^ 



< 



^dist(y,/)2 + ^ 



If we fix y, then for each /, there is a nonnegative constant Cy < j^ that does 
not depend on / and a positive integer nij e [1,N] unique to each / such that 
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distiy, J) = Cy + mjjj 

y l/N^ ^y l/N^ ^y l/N^ 

!=1 

This gives us the following inequality for all y e T: 



1^2 (y)i = 



Z/r(y) 



<A. 



Thus 



Bn * |fcf f <^ I Bn* l^'f I = AIIBn * l^rilli 

T\E Jt 



< AIIBNilipf 111 By Young's Inequality 
^ AP2II1 < All/Ill < A 



Which is exactly what we need for b^^ '. 
Combining the three bounds, we have 

/ {BN*\f\^){e)de= [ iBN*\f''^\'){d)dd 

Jt\e Jt\e 

< [ {BN*\g^''Ymde 

Jt\e 



+ [ {En* \bf^\^m dd+ f {En * li'f' P)(0) dd 

Jt\e Jt\e 



lT\E JT\E 

< A + A + A < A. 

By scaling we obtain the final result without assuming ||/||i = 1 and by taking the 
Calderon-Zygmund decomposition at height |A we can assume that |E| < j. n 

It is now natural, as well as essential for our main application to Fourier series 
later in the paper, to generalize Proposition[7|to kernels other than E^. Technically 
speaking, we lose the simple relation (JSJI, i.e., 

supp(B..i;^f) = U2-^ + f-^'^l^U3-^- 

Suppose that instead of B^ we had the kernel Qn where 

QN(y) = ^min(NMy|-a s>0 

Of course, we need to assume s > 1. Indeed, for < s < 1, the L^ norm of Qn is not 
bounded as N ^ 00; in fact for f = 1 we have 



/ (QN*l/l')Wdx>(l- J)||QnIIi. 

jt\e ^ 
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Thus, (1 - j)||QnIIi will be unbounded as N ^ oo. Thus, we assume s > 1. Of 
particular importance later is the case s = 2. Focusing on the aforementioned 
relation (|3j we face the issue of bounding 

{QN*\b'\'){x)dx. 

T\E 

An essential problem that we face in this situation is possible overlap that accumu- 
lates in the sum ^jggj Xi'fj ■ Iri addition to this obstruction, we again emphasize 
that the hypothesis supp(/) c [-N, N] from Proposition [7] gives E an implicit de- 
pendence on N. The following covering lemma is designed to handle both of these 
obstructions. 

Lemma 8. Let Q be a finite collection ofpainvise disjoint, nonadjacent dyadic intervals. 
Let Q* be the collection of dilated intervals that are each of the form \-l ='■ I* for all I ^Q. 
IfUj^g-} is an interval, then 

(4) \J]^^-h 

where ]q is the largest interval in Q. 

Proof. We begin with a definition. Consider the intervals h, I2, and I3 in Q where the 
order corresponds to their placement on the real line from left to right. Assuming 
that J* U J* U J* is an interval and that I{r]Il= 0, we call {J*, I*, I*} a chain and J* the 
bridge. 

Claim: For any chain {1*^,1*2,1*^} the bridge 1*2 is strictly bigger than at least one of 
either I* or I3. hi other words 

|J*|>min(|i;|,|i;|). 

Let us assume 2* = |Zi| < II3I - 7l . Since l\ and Z3 are dyadic intervals and are 
nonadjacent, one has dist(Ii,/3) = n -if for some integer n > 1. j^l'' is the distance 
between the right endpoint of h and the right endpoint of I* and similarly jrl^ is 
the same for I3 and 7*. Because of /J n 7* = 0, we have n-2'' > ^(2'' + 2''), whence 

n ■ 2*^ > -^(2* + 2O ^ (16n - 1)2*^ > 2^ ^ 16n - 1 > 2" 

=^n> 2'-'-' + - 
16 

If ^ > fc + 4 then, since neZ,n> 2^-'^-" + — ^n> l^''"'^ + 1 

16 

lik<{<k + 3 then n > l^'^'^ + — ^n>l 

16 

It is obvious that Ij must cross the gap between I* and J^ where the length of the 

gap can be calculated as « ■ 2*" - ^(2'' + 2^. If ^ > fc + 4 then 

length of gap = n ■ 2'^ - ^{2^ + 2^) > (2""* + l) 2!' -^(2^ + 2^ 
16 ^ "^16 

_ 2''-4 , 2*^ L?*^ —2'- 

16 16 

16 
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Thus, in this case, the length of the gap is strictly greater than ^2'^ ^ = ^2^ and thus 



Ij must be as long as /' . In the case, k < { < k + 3 



16^ 



length of gap = n • 2* 

= ^2^ 
16 



16 



{2" + 20 > 2" 



16 



{2' + 2'^') 



Therefore, the length of the gap is strictly greater than |2*^~^ = ■^2'' and thus 1*2 
must be as long as j\r^\. At this point, we have shown that II2I ^ j\I]\ in all cases. It 
remains to show that I/2I equals neither |/^| nor j\r^\. Of course, in all cases we must 
have 1*2(^1*^ 7^ if Ij vvere to be a suitable bridge between /J and /j, and the claim is 
that if |/*| = |J*| or l\I\\ then Ij ^ JJ = 0. With m = k-i, for i = 1,0, h and h being 
non adjacent implies dist(/2, ^1) > 2™. Then 



dist(j;,j;)>2'"--(2'^ + 2'«) 



= 15 • 2" 
> 15 ■ 2' 



■,k-A 



k-5 



•,J:-4 



= 13 ■ 2*^-5 > 

Hence I* n /; = if |I*| = |i;| or i|i;| and thus |i;| > \I{\. 

Therefore, we have shown that for any chain 11*^,12' ^} ^ &'> 1^2! ^ iriirid^il l^aD- 
Let 0* = {/o, /i, ■■■,/«} vvhere the dilated intervals are ordered by length, and, for 
each < i < n, let /, - [a,, bi). If each /, e 0* is contained in /o then we are done and 
U,7, c 4 ■ /o- If not, let }k be the dilated interval that extends the furthest to the right 
of /o in 0* such that ]oC) ]k + % and Jk € Jo- Iri the conclusion of the proof of the 
claim, part of what we showed was that if |/o| - \Jk\ then /o H //t = 0. We will first 
show that 4 ■ /t c 4 • /o. Note that 



/o = [flo, bo) = 
4 -70 = 



flO + ^0 bg- flo flo + ^0 ^0 - «0 



Qq + ^0 . ^0 - flp ^0 + ^0 . bo-ao 



Ik = [dk, bk) = 
i-Jk = 



Ck + bk bk- Uk Uk + bk , bk- Uk 



ak + bk . bk-Uk Ok + bk h^^Ok 



and thus our goal is to show that 



(5) 
(6) 



ao + bp _ M-ao ^ ak + bk _ M-ak 

2 2 ~ 2 2 

Uk + bk bk-ttk ao + bo .bo - ao 
and — 1- 4 — - — < — h 4 — - — . 
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Inequality ||5) is obvious since we assumed Jk is to the right of /o and smaller than 
Jo (i.e. bo - ao > bk - Uk), which implies 



ao + h 
2 


1 bo 


-ao 
2 


< 


ak + h 
2 


h- 

2 


flfc 


and - 


^(bo- 


-ao) 


< 


-i,.- 


-ak) 




flo + bo 


-4^ 


-ao 


< 


ak + h 


/- 


-flic 



2 2 2 2 

In order to show inequality ^, we will use the inequalities a^ < bo and l/jtl = bk-a^ < 
j{bo - ao) = j\Jo\ which hold by assumption. First, a^ < bo implies 

u ^ ^ bo bo ak -ak ^ 

bo>ak^— + — >— — <^ 

2 2 2 2 



bo-ao bo+ao ^bk+au 
2 2 ' 2 


bk-ak 
2 


bo-ao bk-ak bk + ak 


bo+ao 



2 2-2 2 ^'^^ 

The positivity in the second line is due to Jk being to the right of Jq. This shows us 
that the distance between the centers of the dilated intervals is less than the sum of 
their lengths halved. So proceeding with showing inequality (|6) we have 

bo -ao bk - ak bk + ak fop + flp bo -flp bp +ap bk + ak bk- ak 
2 + 2^2 2'^2'^2^2 2 

bp - flp bo+ao bk+ ak bk-ak bo- ao 

"^ * — ;; 1 ;; — > — :^ :^ ^ ■^ — :; — 

2 2 2 2 2 

bo - ao bo + ao bk + ak bk-ak bk-ak I ^ 1 /^ n\ 

^4 ^ + ^ > — _+6^— \bk - ak < -{bo - ao)^ 

fop - flp fop + flp bk+ak bk- ak 
^ 4 — - — + — - — > — - — + 5 — - — 
2 2 2 2 

fop - flp fop +ao bk+ak . bk-ak 
2 2 2 2 ' 

Thus, for ]k, 4 ■ /;c C 4 ■ /p and the same holds for all intervals ]ki such that ]ki <t- }o 
and }k, n /p 7t 0. 

Now it is possible that all intervals to the right of /p are contained in /p U Jk, in 
which case we stop this process. Otherwise, take the largest dilated interval, /„„ 
extending to the right of Jk such that /«, Pi /^ ?^ 0. By the maximality of Jk, Jm<^Jo = 0- 
In this case we have the exact assumptions used in the claim with Jk as the middle 
dilated interval. This implies \J„,\ < \Jk\ because we already know that |/p| > \Jk\. 
Thus the argument showing 4 ■ /;c c 4 • /p is suitable to show that 4 • /„, c i- Jk and 
4 • /,„ c 4 • /p. 

Again if each /, e 0* that is to the right of /p is contained in /p U /j^ U /„„ then we 
stop this algorithm. Otherwise the process continues and, at each step, we obtain 
the same relation as we have between Jk, Jm and /p: 

4 • /„, c 4 ■ /fc c 4 ■ /p ^ /„, c 4 • /p 

We can use a similar argument for the intervals to the left of /p. Since there are only 
finitely many /,, this process must exhaust the collection of all /,. n 

The constant | is not the only admissible factor by which one can increase the size 
of the intervals, but it is the largest constant of the form ^i^ for which the lemma 
holds. Therefore, | is chosen partly by necessity and partly for convenience since 



14 BOBBY WILSON 

the intervals we are considering are all dyadic. Next, we establish the analogous 
statement to Lemma|8]in higher dimensions. 

Lemma 9. Let @ he a finite collection ofpainvise disjoint, nonadjacent (distance between 
any two is nonzero) dyadic cubes. Let Q* be the collection of dilated cubes that are each of 
the form | ■ Qfor all Q^Q. IfUneg-H is a connected set, then 

(7) Uhc4-Ho 

H€g- 

where Hg 's the largest cube in Q*. 

Proof. Let M"^ denote the Hausdorff measure of dimension d. First note that for a 
cube Q, I ■ Q is the cube with the same center as Q and of diameter | ■ (diameter of Q) . 
We consider a set of cubes {Qi, Q2, Q3} c Q where Q* U Qj U Q* is connected and 
such that Q\(^Q\ - 0- Similar to the previous lemma, we will call [Q\,Q*2,Q\] a 
chain and call Q* the bridge. We have a similar claim. 

Claim: For any chain {Q*, Q'^, Q^}, the bridge, Q^, is strictly bigger than at least 
one of either Q* or Q* In other words 

Let us assume 2* = ^''(Qi) < ^''(Qs) = 2''^. Define Q^ for fc = 1,2, 3 and; = l,...,d, 
as the projection of Qk onto the zth axis. We will rely heavily on the relationship 
between the properties of the dyadic cubes and the properties of their projections. 
We first note that for cubes Q and H 

d 

QnH=[]Q'ntf. 
1=1 

Thus, Q[ r\ Ql = % implies that there is at least one index p e {1, ..., rf} such that 
Q*'' n Q*'' = 0. We also note the commutativity of projection and dilation for cubes, 
i.e. Q*P = Q". Thus, we can assume Q^* n Q^* - 0. Now of course Qj and Q^ 
are dyadic intervals in R, and 2* = ,if HQi) ^ ^HQs) = 2^- Since Qf n Q^* = 0, 
dist(Qj, Qg) = n ■2'' for « e N. By the argument from the previous lemma, the gap 
between Qf and Q^* is strictly greater than ^2*^ = ^2''-^. In order for Q\ U Q* U Q* to 
be connected, {Q\ U Q* U Q*)' = Q*' U Q*' U Q*' must be connected for each i e {1, ..., d]. 
Therefore, 

ji-HQll > \^\(T,) = I2'-'. 

Thus, we have shown that ^''(Qp > ^'J^'^{Q\) and, analogous to what we have 
done in the previous lemma, we would like to show that ^''(Qj) i^ ■^^'^{Q{) and 
■^''(QP * ^'^'^iQ\)- So, similar to LemmaE we will show that if Jf '^(Q*) is equal 
to M'^Q*^) or ^,.^'^{Q\) then Q* n Q\ = 0. However, we must be careful with how 
we approach this particular part of the argument. We will not be able to show that 
Q*'' n Q'I' = since on the pth axis Qj Pi Q'^ is not necessarily empty. However, it 

is clear that there is an index / e {1, ...,d] such that Qj and Q^ are not adjacent (i.e. 
they do not share an endpoint). Given this, we can let m = k- i, for i e {0, 1}, then 
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Q2 and Qj being non adjacent implies distCQj, Q[) > 2"'. Then 

dist(Qf,Q^*)>2"'-l(2*^ + 2'") 

= 15 ■ 2"'-* - 2^-^ 

> 15 ■ 2^-^ - 2*^-4 

= 13 ■ 2*^-5 > 

Thus J^\Q\) > ■J^'^{Q\). This implies that for any chain {Q\, Q*, Q^} c @\ 

J^^Qg > mm{.Jif\Q{),jr\Ql)). 

Let 0* = {Ho, Hi, ..., H„} where the dilated cubes are listed in decreasing order by 
size. If each H, e 0* is contained in Hq then we are done and U,H, c 4 • Hq. If 
not, let [Hk^] be the set of cubes such that H^^ D Hq i= H) and H/c^ <t Hq. Then, by 
assumption, Jf"^{Hki) < Jf ''(Hq) and as before we cannot have Hi, n Hq 7^ and 
J^\Hk,) = ■M'\Ho). Thus 

for each kf. Hence for each j 

[Xj : floj < Xj < fco,;} n {Xy : fl/cf,; < X; < fc;cf,;} * 

which is clear from assumption. Then by (*), 

,yf\{xj : flo,; < :^; < Kj]) ^ 2.J^\{xj : ak,,j < Xj < bkj) 
By the argument from Lemma [8] 

4 ■ {xj : floj < Xj < boj D 4 ■ {xj : ak,,j < Xj < hki,j] 
Whence 4 • Hq 3 4 • H^^ for each k{ which implies 

)4-Hfc, c4-Ho. 



U' 



Now if each H,- e @* is contained in Hq U Uf ^/t, then we are done. If not, let {Hm,\ 
be the set of cubes that satisfy the following: 

• H„,^ r\Hk^+% for at least one t 

• Hm^ ((. Hq. 

Recall also have Hk^ <t Hq for all (. For any H, such that Hq (Mii + % either H, c Hq 
or H, = Hkf for some €. Therefore, for any niy, H„,^ n Hq = 0. Furthermore, for 
any { and r such that H„,^ D Hit, "^ 0, (Ho,H(tf,H„,J forms a chain with Hk, as the 
bridge. Thus, -Jf^iHo) > .^"^{Hk,) and J^'^iH^,) > mm{J^''{Ho),Jf''{H,„^.)) implies 
that J^'^iHk,) > J^'^iHm,)- By the same argument that shows us that 4 ■ Hq 3 4 • H^^, 
we have 4 • Hjtf 3 4 ■ H,„^.. 

Again if each H, e ^* is contained in Hq U Uf ^itf U Ur^mr/ then we are done. 
Otherwise the process continues and, at each step, we get the same relation as we 
have between the Hjt,, H^, and Hq: 

J4 ■H,„,. c J4 -H,, c 4 -Ho ^ [JH„, c 4 -Hq 

I j 

Since there are only finitely many H,, this process has to exhaust the collection 

{H,}. n 
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3. Fourier Series 

We turn our attention to Sn/ = Dn * f, where Sn/ in the N-th partial sum of the 
trigonometric Fourier series of / and Dn is the Dirichlet Kernel. We note that with 
Sjv/ replacing / in Prop. |6]we are considering the integral 

[SNfiefde 

T\E 

However, we have no hope of bounding this by A||/||j or, equivalently, showing 
that for each / e L\T) (||/||i = 1) there exists an E c T such that \E\ < 1/A and 

\SNfm^dd<CA 

T\E 

for all N > 1 . Of course, if we were to allow E to depend on N and replace A with 
A^, this could be accomplished, since the operator Sn is weak L^ bounded. In our 
case, the bounds are not possible due to the example of Kolmogoroff's sequence of 
resonance measures (||9l Ch. 6), /.i„ , such that ||/j„|| = 1 and 

limsup(logn)"^|SNfinWI > 

for almost every x e T. However, if we take the average of the first N of these 
integrals, we obtain the following result: 

Theorem 10. Let A > 0. Then for any f e L^(T), there exists E c T, with \E\ < j such 
that 



(8) 



1 ^ r 
sup 17 E/ \Snm\^de<M\f\\l 

N>1 ^ ti Jt\E 



where Snf{x) = T H/X[-n,H])(^)- 

Vroof. Assume ||/||i=l and / > 0. We first fix N e N, A > 0, and consider the 
Dirichlet kernel of S„, D„(x) = Lm=-n e{mx), where e{mx) := e^™"'^. We note that 

Eeiin + V)x) — e(—nx) 
e{mx) = ^^ ^^—^ '- = K„,i(x) + K„,2(x) 
eix) - 1 

m=—n ^ ' 

where J<:„,i(x) ■- D„(x)x[w<i/n] and iC„,2(^) := D„(x:)x[|.v|>i/n]- Then for iC„,2, by 
Plancherel 

^ ,^ i|.|>l/N W) - IP 

< /" min(N^ \x\-'^)\f{e - xf dx 

where Fe{x) - Xi\x\>i/n] eL)-i • ^'^^ ^"A' ^^ ^'^^^ ^^^^ l^n,i(^)l < N for all 1 < « < N 
and X e T. Thus, by Jensen, 

Y^ \{K„,i*f){df <Y^ XM<vmN\f{e - xfdx 

< f min(JV2, 1x1-2)1/(0 - x)\^ dx 
Jt 



n=\ n=l 
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Let Kiv(x) := ^ inin(N^, |x|~^), and we note that ||-Kiv||i is independent of N, then 



N 

N 



(9) Tiilf \Snf{e)\^ de<2 f f KN{x)\f{d - xf dxde 

'-^ ^"'T\E JT\EiT 

for any set E c T. We now perform a Calderon-Zygmund decomposition at height 
A. Let S be the set of "bad" intervals given by the decomposition. Let f = g + b 
where g is supported outside of the union of the intervals in S, \g\ < A,b = J^ies Xif 
and 



-^-^ 



and 



U' 



II 



1 



A A 



Here we observe that we can regularize / without loss of generality. We consider 
/(N) = Vt,-f, g(^) = Vti*g and fc(^) = V^*b where Vn = ^ LZ'n 5,n is the de 
la Vallee Poussin kernel. Note that if we replace f in ^ with /'^\ by Young's 
inequality 



1 ^ r 

ly/ |S„/(^)(0)|2d0<A||/~)||5 

N *— ' Jt\E 



< A||yivll?ll/ll? 



< A||/||2. 

This regularity will be used almost exclusively for Bernstein's inequality which will 
give us ll/'^^'IU ^ N||/||i. This fortunately also preserves l^^'^H^)! ^ A by Young's 
inequality. We then have 

I Kt^{x)\f^\e-xfdxde 

[ [ KN{x)\g^^\e - xf dxde +11 Kt4{x)\h(^\e - xf dxde. 

Jt\e Jt Jt\e Jt 

Using ls^^^'(x)| < A with Young's inequality we obtain 



T\E 
< 



[ K^{x)\g''^{e-xfdxde 

Jt 



T\E Jt 
< A / {KN*\g^^W)de < A||Kn||i||^(^'||i 

JT\E 

<A. 

Inequality lO shows that this is all we need for g. Now since U^'' - Vn * b, it is 
possible that b^^'^ is supported on all T. Let S = Si U S2, where Si is the set of all 
bad intervals of length greater than 1 /N and S2 are the intervals in S of length less 
than or equal to 1/N. Similarly, let b = bi+ ^2, where bi = L/eSi fi ^^^ ^2 = ILieSi fi- 
Here // := fxi- Now we can choose E := U/gg c ■ I. Where c ■ i is the interval with 
the same center as I, but of length c\I\. c is a constant whose value will be decided 
later which will not depend on N. Furthermore, let /* :- | ■ I and Vjv *bi = b* + b, 
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where 

b' = Y^ Xi- {Vn * fi) and b = 'J^ xw (^n * fi)- 

Then we first consider b* 

KN{x)\b'{d-x)f-dxde 



T\E JT 



f [ K^{x)Yxi'{e-x)fP{e-x) 

Jt\eJt f^^ 



dxde. 



We would like to use the assumption that Si is a collection of disjoint intervals, but 
{i*\i€'Bi is ^ot a collection of disjoint intervals. We alternatively label the connected 
components of U/ggj/* as C,. Then 



dxde 



f f KN{x)yxi'{e-x)f\d-x) 

<Yj[ f ^n(x) Yj xi'{e - X) \ff\e - x)\ 



dxde 



dxde. 



Note that in the second and third lines I e Si. For any I* c C„ Xi' ^ XCir and thus 






dxde. 



Now before we can move on, we need to impose a restriction on the geometry 
of our collection Si. It would be helpful if for any pair of intervals in Si, the 
two intervals are not adjacent (i.e. they do not share an endpoint). This is an easy 
restriction to impose by simply splitting Si into at most 3 subcollections. We lose 
a factor of 3 in the inequality, but this allows us to invoke Lemma [8] For each C„ 
let Ji be the largest interval such that /, e Si and /* c C,. Lemma [8] implies that 
C; C 4 • /* = I • // and therefore Xc, ^ Xi-J' giving us the following: for any i, 



f f KN{x)\yxcXe-^)\fr(^-4 

Jt\e Jt [^^ ) 

< I I KMx) E XA.j:{e - X) \ff\e - X) 

= 11 ^n(x) \xA-r,{e -x)Y \fP{e - x)\ 

Jt\eJt [ ^^ j 



dxde 



dxde 



dxde. 
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Henceforth we will take c to be 5 for E = IJ/es "^ ' ^ ^rid replace T \ E with T \ c ■ /, in 
the integral: 

/ \2 



f f Kn{x) X4./. (0 - X) y l/f ) (0 - X) I 



dxde 



N 



T\c-// JT 



f 



min(N^lxr^) 



Xi-J] 



..{e-x)J^\f\e-x)\ 



\2 



I'cC, 
iin ^ 1 



dxde 



- X e 4 • /* = I ■ /, and e T \ 5 ■ //, so |x| > i|//| > ^ and thus 



N 



T\c-/,- JT 



r 



min(N^ Ixp^) 



N 



i:\c-ji Jt 



r 



Xi.,-ie-x)Y^\f\e-x) 

I-cCi 

Xi.,;{e-x)Y^\f\e-x) 



dxde 



I-cCi 



dxde. 



.(N)| 



Now Bernstein (or Young) gives the inequality Lrec, |// | ^ ^Lrcc, ll/zlli/ so 



N 



T\c-Ji Jl 



dxde 



By Holder 



Xi.,-{e-x)J^\f\e-x)\ 

I'cC, 

y ll/illi f f \x\-hi-rSe - X) y \f\e - x)| 

y ii/iiii / X4.j'ix) y \f\x)\ [ 10 - xi-2 i0ix 

y, ll/llll / X4./r(x) y l/f \x)| / 10 - x|-2 i0dx 



dxrf0 



yi'cc; J yi'cc, 



\\J,\ + e\-'de 



V*cC, 



/III! 



i/,r^ 



Now from the properties of the Calderon-Zygmund decomposition 

'Eii/.4/r' = E^ 



U'cC, 



/•cC, 



l/;l 



~ 4 l/<l " IM 
-If I 

<A^ By Lemma i 
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Summing over the connected components yields 

Yj f f ^n(x) Yj ^H0 - x)f\e - X) 

^ E f E m\ \h\-' ^ E 4e ii/^iii] = '^ E n/^ 



dxdd 



<A 
as desired. Now, for h, we have 
Kf^{x)\h{e - x)\^ dxdd = 



yi'cc, 



le'Bi 



T\E JT 



lT\E 



{Kt,*\W){e)de 



\W\\\ < II^NlliPli By Young's inequality 



< / p(x) dx ■■ 



E'^T\/-(^)/r\3:) 



/eSi 



rfx 



/ E ^T\H^) i/r(^)i E A'T\/./r(^) 



dx. 



We are done with b* and we include the following claim only for completeness. 
Indeed, we have handled the case when I* = 2 ■ i in Proposition[7l and the argument 
is essentially the same absent a change in constants. 



Claim: 



I Li XT\i'fi 



{N)| 



<A 



We consider the two possible cases for any x e T: either (1) x e T \ UJ* or (2) 
X e r for at least one J e Si. In the first case, for any x e T \ U7*, A''t\/*(^) = 1 so 



\K4 ^ E XT\l'{x)\ff\x)\ = Y XT\l'{x)\{V^*fl){x)\ = Y K^N *//)(x)| 
E(I^Nhl//l)W 



/eSi 



leSi 



le'Bi 



In the second case, x e H* for some subcollection of Si, {Hit}. Then Xt\/*(x) - 1 for 
r i [Hk] and a:t\h;,(x) = 0, so 

m = E XT\i'{x)\f\x)\ = Y XT\i'{x)\f\x)\ 






E(I^nIH//I)W. 



WHj.} 



In this case, for every IVjvl * |//| in the sum, x e T \ J*. So in both cases, we are 
taking a sum of (|Vivl * l//l)(x) where x ^ Ul* and the union is taken over the same 
intervals as the sum. Therefore, it suffices to assume that we are in the first case 
and X e T \ UJ*, where the union is taken over all I e Si. So we fix some x e T \ UJ*. 
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First in order to bound each \Vn\ * \fi\, we recall that |Vn(i/)| < ^min(N^, |i/|~^), then 



\b{x)\ < Y^iW^l * |/;|)(x) = Y^ / \V^{x - y)\\fj{y)\ dy 
leSi leSi •'^ 

imin(NMx-y|-2)^|/j(y)|dy 



< , 



leSi 



The \fi{y)\ gives us that the product is nonzero for ye/, and by assumption x e T \ /* . 
Therefore, |x-y| > ^|/| > ^ (for every 7 e Si) which implies IVwC^-y)! ^ ^l^-yl"^ 
and 

imin(NMx-y|-2)J]^|/;(y)|dy 

leSi 

< t; y sup |xo - yr'll/illi By Holder 

for any fixed x e T \ UZ*. For each I, \x - y\ with y e Z is at least jrUl- Of course, 
|x - yl will be greater than the distance between x and I for any y & L Then 
|x - yl > max(|Z|, dist(x,Z)) which implies |x - y| > \I\ + dist(x,Z). Thus by ordering 
Si = [Ij] by proximity to x (considering only those intervals to the right of x without 
loss of generality) we have 

- y sup |x - yr^ll/zlli 
^ its! ye^ 



i=l 

A ■^' |/,l 

< 77 > -— — — — -TTT By the C-Z decomposition. 

N^(|Z;| + dist(x,Z;))2 ^ ^ 



r2 iv_ i,i-2\ 



Let (/)j:(y) := min(N , |x - y| 2). Then, for all y e Zy, 

1 1 



< 



^ </':t(y) 



(|Zy| + dist(x,Z,))2 ~|x-y|2 
^(|Z,Kdist(x,Z,))2^g'^^(y)- 
Recall that the Z, are pairwise disjoint. Therefore, the sum Y}. , -ri-^ is 

' i" I ^i=l (|I,|+dlStfc7,))2 

bounded by a lower Riemann sum of (pxiy)- Thus, 

ISil 

A ^111 < 

N 



1 V A l^^l < 

N-Lj (|Z^| + dist(x,Z,))2- 



'xlll 



4"-^ 
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In conclusion, the claim holds and \\b\\c„ < A, which implies 



f {Kn * \W){x) dx < WKnWi I Yj XT\i'{x)\ff\x)\ Y^ XTM'fPix) 



This gives us 



dx 



< WKnWiA I Y XT\i'{x)\ff^{x)\ dx (from \\h\U < A) 



le'Bi 



^^Yj f\f\^)\dx<AY\mi 



:SA 



T\E JT 



h(N) 



KN{x)\b'("{d-x)\^dxdd 



< I I KN{x)\b'{e-x)\^dxdd+ / / KNix)\b{d - x)f dxde 

/t\e Jt Jt\e Jt 

<A + A 
^A 



U(N) 



Again we include the following bound for b^ for completeness. Assume that 
j^ - 2i for some j e Z and partition T into N intervals of length ^ . We can do this 
while giving away a factor of two in the final bound. Then since I & S2 are dyadic, 
each I is contained in a length jj interval. Then let 



uiN) 



Er=EE/; 



m 



leSi 






where the / intervals come from the 1 /N partition. Then, for the remainder of this 
proof, we let 



fj-=X}b2 = Yfi- 



JES52 



We first note again that |Vn(0)I < jj mm{\d\~^,N^) and thus 



f{N). 



l/r'(y)l ^ y^ ^ min(|y - x|-^N^)|/;(x)| dx 



^ mII//IIi min(sup \y - x\-^,N^) 

^^ X€] 



N dist(y,/)2 + jij 
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Then 



J 


2 

< 




[Zfr^y) 

V / ) 



^r(y)lEii//ii '^^ 



4^'(y)|{max||/;||i)2]^ 



1/N 
J-' dist(y J)2 + jij 

We note again that by the Calderon-Zygmund decomposition for any /, 



Therefore, 



N I/I 



|4'^'(y)|(max 



N I/I - N I/I 
N I/I 



'E 



I IN 



7-' dist(y J)2 + jij 



I 2 ^^^l/^dist(yj)2 + ^ 



If we fix y, then for each /, there is a nonnegative constant Cy < j^ that doesn't 
depend on / and a positive integer nij e [1, N] unique to each / such that dist(y, /) = 

Cy + mjjj 

^ dist(y, /)2 + J, - ^ (Cy + m;l)2 + ^ ~ ^ m2^ + ^ 

'^ 1 

This gives us the following inequality for all y e T: 

2 



E/r(y) ^A2^/f)(y) 



A|4'"(y)|- 



Thus 



T\E JT 



Kn(x) 



E/r(y--) 



dxdy 



<A f f Kn{x) Ibf (y - x)| dxdy = A\\Kn * |bf' |||i 



u(N) 



< AIIXnIIiP^ 111 By Young's Inequality 

< AP2II1 < All/Ill < A 
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as desired. The three main estimates we have obtained combine to 

ly/ \s„r{efde 

< f f KN{x)\f^\e - x)\^ dxdd 

Jt\e Jt 



give us 



< 



/T\E JT 



KN{x)\g^^\e - xf dxde +11 Kt^{x)\bf\e - xf dxde 

Jtxe Jt 



It\e Jt 



T\E JT 

KN{x)\b'-l'\e - xf dxde 



<A 



n 
:ion 



Through scaling we get with ||/||i and A we can assume |E| < j and 

1 ^ r 

ttE/ \Snf''\9fde<M\f\\l 

^ ^ ^T\E 

This is precisely the bound we sought out. 

Before we move on and extend the result to the real line, let us revisit a question 
posed before Lemma |8l Specifically, we asked for which s > 1 does Proposition [7] 
still hold when Qwly) = j^ min(N^ \y\~^) replaces Bn- The answer to this question 
is a direct corollary to the reduction of Theorem[lO]to the estimate 

/ / KNix)\f^\d - xf dxde = f Kn* l/^f < A. 

JT\E JT JT\E 

Corollary 11. Lef N e N \ {0}, A > 0, and s > 2. Then for any f e L^{T) such that 
supp(f) c [-N,N], there exists £ c T, with \E\ < j such that 



Jt\e 



{QN-\f\'mdd<cM\f\\i 



where Q^ix) = j^ min(N', |x| '). 

Proof. Let||/||i = 1, A > landE := U/ 5 -I defined as in TheoremlTOl For the moment 
let us assume s > 1. We have already seen from Proposition[7|and TheoremlTOl that 

for /(^) = g(^) + bf^ + f^f we have 



Qn * Ig^^'l' + f Qn* I^^'I' ^ IIQNlli(llg(~^ll^ + Pf'llz) ^ AIIQ^Ik. 

JT\E 

Since HQnIIi $ 1 uniformly in A[ e N and s > 1 we do not need to say more about 
^2 and g^^\ For fe^ ', let J* be defined as in TheoremlTOl J* = | ■ Z. Then we have 

/ QN*\b^!'\'< [ Qn*I^'*I'+ / QN*\b\^ 

JT\E JT\E JT\E 

<[ QN*\bf + \\QN\\i\\b\\l<[ QN*\b'\^ + A\\QN\\i 

Jt\e Jt\e 

Thus, the decay of Qn is all that is important, particularly for the bound 

r r ( '1 

(Qn * \bf){x) dx^Y,l QN*y, Xi-ff"^ (x) dx 



JT\E 



j 




2\ 


Qn* 


E A>/r 




^ 


I'cC, 


^ 
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For each individual i, we have 



Jt\e\ ^^ 



2^ 



{x)dx 



dydx 



= f f QN{y)yXi-{x-y)f\x-y) 
By the argument from TheoremflOl 

/ f QN(y)yxi'{x-ij)f\x-y) 

Jt\e Jt jf^. 



dydx 



<N' 



<N' 



-' T II//II1 / / \yrx4.r,{x -y)\y \f\x - y)\ 
-' y II//II1 / x4./-(y) y l/r(y)l / 1^ - yr dxdy 

[l^. J-^T /^_ Mc-I. 



dydx 



Then 



E 



N^ \ 7 11/7111 
U*cC, 



\I'cCi J \I'cCi J 



U*cC, J 



{N\h\) 



Here we see the importance of s > 2. When s > 2 we can use the following 
inequality: (N|/,|)-i < 1 because \J,\ > jj. Then 



T\E 



/ 




2\ 


Qn* 


E ^^-/r 




^ 


I-cC, 


^ 



U*cC, 



which is exactly what we need to obtain the final result. Otherwise, (N|/,|)^ ^ grows 
as N grows. n 

The previous proof shows that any function / e L^ with supp(/) c [-N, N] 
with Si 7^ is a counterexample for 1 < s < 2. We now consider the analogue of 
Theorem[lO]on the line. 

Proposition 12. Let A > 0. Then for any f e L^(]R), there exists E c M, ivith \E\ < j 
such that 

rT 



sup — 

r>o T JO JB.\E 



\Stf(xfdxdt<M\f\\l 
where Sff = Dt* f given Df{x) = /_f g-^^'s-r ^g ^ 
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Proof. Similar to the previous proposition, assume ||/||i = 1, / > 0, fix T and 
A > 0. We also perform a Calderon-Zygmund decomposition at height A and let 
f - g + bi + b2 as we do in Theorem [TOl with S = Si U S2 defined the same way. 
We can define E now as 



E:=[J5.L 



leB 



Note that 



Df(x) = / e-^""" ds = C 
and |Df(x)| < T for all x. 



p—2nitx _ plnitx 



for Ixl > T-i 



From this, we let Xt{^) = X\\x\>t-^ arid we assume as in TheoremlTOl that the Fourier 
support of / is bounded. Therefore, we let / = /^^' := f *Vj where Vj is the 
real-line analogue to the de la Vallee Poussin kernel. Then we have 



~'K\E 



\{XTDt-f^){xfdxdt 



R\E Jo 



p—lnihj 

f){x-y)xT{y)—-. 

K y 



glnity 

f^\x - y)xT{y)—— dy 

R y 



dtdx 



(10) 



< / / \fy:{t)\ dtdx< / / /;t(f) dtdx 
/r\e J-T J]R\E Jr 

< I {K^*\f'^^\^){x)dx 

/r\e 



where fxiy) = f^^\x - y)XT{y)- and K^{x) = min(T^, |x| ^). Furthermore, 



/ [ \({l-XT)Dt*f^^)(xfdxdt 
Jo Jr\e 

^ [ [ [ Tlf^Hx-yfdydxdt 

Jo Jm.\E ./|i/|<T-i 

(11) < / iK'*\f^^){x)dx 

Jk\e 

Thus, by combining ((TOl l and ((m we conclude that 

m * mf dxdt <l- [ (K^* l/^¥)(^) dx 

^ JR\E 

{KT*\f^^)ix)dx 

c 

where Kt(x) := T"! min(T2, |x|-2) and ||Xr||i < 1. Then 

/ f \f\x-y)\'KT{y)dydx 
Jr\e Jr 

<[ i\g^^^*KT)ix)dx+ [ {\bf^f*KT)ix)dx+[ {\b^Pf*KT)ix)dx 

Jv.\E J]R\E J]R\E 



T 
JR\E 

f ( 

R\E 
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and 



/ (lg<^¥ * Kt){x) dx < IWg^^f * KtWi < llg^^'112 ^ MlgWi < A 
Jr\e 



lR\E 

Now for the estimate for bi, we perform a series of steps that are similar to what 
was done in TheoremlTOlwith 

b? = E /r - E x.ir + E ^-^^-f' = ^* + ^ 

with 7* = I ■ J. First considering b*, we use Lemma|8]to get a partition of 'JiesJ* into 
intervals {C,} and 



R\E 



\b*(x-y)\^*KT{y)dydx 



E/ f KT{y)yxi'{x-y)f\x-y) 

'-f Ju\E Ju *^ 



dydx 



Then using the same argument as Theorem[lO]we have 



E/ f KT{y)yxi'{x-y)f\x-y) 
'—' Jk\e Jr f^. 



dydx 



L 



< > / / Kriy) 

/k\5/, iK 



a:4./, 



^Xx-y)J^\f\x-y)\ 



I'cC, 



dydx 






i I'cCi 



i I'cCi 



^A 



For this estimate, we do not have to worry about any convergence issues in the 
sum since \!B\\ < oo. In Theorem [TOl we showed that PIU 5 A which translates to 



R as weU. However, for b^ on the real line 



bT = T.^THx,b2) = Y,fi 



(T) 



we have an infinite sum in /. Using the same argument for ^2 as we did in Theorem 
[TOl we obtain the following bound 



ll^^l'^ll < 



;=1 J 



<A 



Then, using this bound, we have 

f (|bf 'p * KT){x)dx <A f (|bf 'l * KT){x)dx 

< Mlb^^WiWKrWi 
<A 
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Therefore, we have the equivalent statement to Theorem[lO]for functions on R. n 

3.1. Higher-Dimensional Results. In order to demonstrate the process of extend- 
ing these results to higher dimensions, we shall investigate the tensor case when 
for/eLi(T^)wehave 

/(0i, 02, ..., 0d) = /i(0i)/2(02) ■ ■■fdiea) 

Drawing inspiration from Theorem [lOl we will take the fi average over the first N 
Fourier partial sums for each ff. 



(12) 



(=1 V »,=i 



For n = («i,n2/---/Wrf) e N'', let xr- be the indicator function on Z"^ for the set Rj; 
where 

R-jT = {m e Zf' : -n, < nij < Uj, 1 < j < d] 

Let S-p[f be the Fourier multiplier operator on / e L^(T'') defined by the Fourier 
multiplier ;fR_. Then simplifying ((T2] l, we get an average over N'^ partial Fourier 
sums corresponding to the lattice points n = (mi, n2, ..., rid) e (N \ {0})'', 



;=1 V n,=l J 776Ri 



where R'^ = {n e (N \ {0}) : ||n||oo < N]. Then, we execute a Calderon-Zygmund 
decomposition at height A^^'' for each /j. Theorem [TOl informs us that there exists 
Ei c T such that |£,| < -^ and 



d f „ ^ N \ d 



2 
Li(T') 



Define E' := U,{i: e T"* : x/ e E/}. Then M"'{E') < ^ and 



7i N'i 



^ F^; •^T^\E' N>1 U {h\E, N /-( j 



^ M\ff 



The estimate ,if '*(E') < A~^^'' is a step back from what we get in Theorem [TOl This 
should be expected because the method by which we defined E' was not as precise 
as the method for defining E in Theorem[lOl It is possible that there exists a subset 
of positive measure in E' such that for each point in the subset one has |/j| > A^^'' for 
at least one /, but |/| < A. This implies that E' is not the most efficient choice for the 
set we will remove from T''. Fortunately, we can take the d-dimensional Calderon- 
Zygmund decomposition at height A for / and still use the preceding ideas from 
Theorem [lOl The end result is that we can find an E c T"* with ■M"^{E) < j such 
that the desired result holds. 
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Proposition 13. Let A > 0. Then for any f e L^ (¥''), there exists E c T*, with \E\ < \ 
such that 



sup i E [ \Snf{ef de < QAWfWl 



where R^ = {n e (N\(0}) : ||n||o<, < N] , Cd is a constant depending only on the dimension 
d, and Sjrf = D^* f given D^{x) := !.-„,<„,,<„, e'™"'" = U^i D„^ixj). 

Proof. Just as in Theorem [TOl we perform a Calderon-Zygmund decomposition 
at height A > while fixing N > 1 and assuming ||/||i - 1. For this proof let 
\I\ := Jif'il) for any measurable set J. We label the set of bad cubes S = Si U S2 
where \I\ > N"'' for all I e Si and |I| < N'"^ for I e S2 and 

E:=[j5-I. 
Then with D„j acting in the first variable only and S„, in all the others 

N „ N N 



f f IS^fm^dd = fff |D„, * S„,/(0)p 

t^ -^T-'VE t::^ ;^j Jt''\e 



N /, N 

i>2 

N 



M>N 



ejnixi) 
-1 sin(xi) 



S„,f{di -xi,6,)dxi 



de 



de 



Y I I N^\Snj{ei-xi,e,f dxide 



where 0, and n, are the vectors and n, respectively, with the first component 
deleted. Now we use Plancherel as we did in Theorem[lO]with S„,/ in place of /. 



N „ N 



Lf L ['-^Mie.-xi,e,)dx 

^•'TAE^i Ji sm(xi) 

N 
^E/ (^l,NHS«./(0.)r)(0l)rf0 

where Ki^n{z) = min(N^, |z|~^) for z e T. Now we note that 

N 

y iKi,N*\Sn.f{e,)f){ei)de 

!>2 

N N 

= E/ {Ki,N*y\SnJ{e,f){ei)de. 
r-^ Jt*\e .■H 



rfe 



t-f -^TAE ,^1 
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Fixing 01, we have 



£ \SnJ{ef 



112 = 1 



E 

Hl=l 



e{n2X2) 



|.f2l>N-i sin(x2) 

N 
+ 
ni=l 



Sn..f{dl, 02 - X2, d„) dX2 



N 
y / NS„„/(0i,02-X2,a.)dX2 



<(Ki,nHS«../(01,0«)| )(02). 

where «„ and 0„ are the vectors n and 6, respectively, with the first and second 
components deleted. Repeating this process leaves us with 

y [ \Sjrf{e)\^ de<N' [ (K(rf),w * i/~f )(0) de 



jJeR; 



where 



%),n(0) := ^ Y[Kr{d,) = -1 J]min(NM0,|-'). 



/=! 



/=! 



Here we also take the liberty to replace / with f^^^ = V^^n * f, where Vj jv(x) := 
11/=! ^Nixi). Now by the same process as Theorem [TOl we have 



T'\E 



%),NH/~f 



T'\E 



%),N*lg<~^l'+ / %),N*lCl 



h(W)|2 . 



T''\E 



T''\E 



%),nH4'"I' 



where, in this case, S\ is the set of bad cubes of length > 1/N and thus of measure 
> N-^. Then for g(^\ \\g^^\^ < A and 



K 



T''\E 



(d).N - 



ym 



< A||X(rf),N *^^^>lli < A||X(d),Nllill^*^^lli < A. 



For any cube J, let 7* := | ■ /, and let fcf ' =V + b = L.^s, ^/-/f' + i:/€S, AVM-Zf'- 
We must account for the fact that the set I* are not pairwise disjoint, so we will 
utilize Lemma|9]to deal with this. First we break up UjegjI* into pairwise disjoint 
components {C,} 



K, 



T'\E 



(d),N 



■\h 



•|2 






EE 



//111 






N' 



' / ^id).N * y XI' |/r I By Bernstein 
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It is here we use the same argument as Theorem [TOl Specifically, we have put 
ourselves in a position to take advantage of the decay of the kernel K(d),N due to 
our careful definition of E and supp{Yji,^Q. Xi' |/j |)- For each i, let /, be the largest 
cube such that /, c C„ then 



T''\E 



^{d),N * y xi' \fj^\ ^ / K(ci),n{x - y)xij,{y) 

I^, Jt''\5-},JT'' 

VI* cC, 



E/r(y) 



I'cC, 



sup / K(^d),N{^ - y) dx 

ye4-/, JT''\5-}; 



dydx 



VI* cc, 



N-'*(l/,l)-' 



Since U;.cc,I c 4 ■ /,-, L |I| < |/,|. Therefore, (L |I|)/|/,| < 1 and 

I K,,. ^ E XI* i/n ^ f E ii/.ii.]n-(i/,i)- = f E 1^1^ 

•"' \^ I'cCi \i'cCi ) yi'cCi ' ' 

E I^IA N-^(l/,i)"' 



N-'imr' 



yi'cCi 
<AN- 



Usrng this estimate we have 

"'T''\e ^ ts^ jt''\e *-ri 



.(N) 



V '*cC, 



I'CC, 



EE 



/III! 



IeBj 
V'*cC- 



N'(N-'A)<AY^\\fi\h 



leSi 



<A 



which is what we need for b*. Just as in Theorem [TOl we show that \\b\\co ^ A. The 
key in the translation to this setting is that we still retain the property that the cubes 
I & Si are disjoint and that the distance between each interval / and T' \ U/ggjI* is 
at least a constant factor of the length of /. Therefore, we can say that 



\Hx)\ < E a:t.v*W 1/^(4 = E ^'T"\/*W / 

Assuming x eT'^ \ Ui^sJ*, we have 



Va,N{x-y)fiiy)dy 



E'^T^\I*W 



leSi 



T'' 



Vd,N{x-y)fiiy)dy 



~ E / \xiiyWd,N{x - y)fi{y)\ dy 
5 E "-^^"i ^^P kKy)^rf,N(^ - y)| 
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We again establish that for x e T'' \ I* 
\x - y\> max(clist(x,i). 

Then using the properties of the Calderon-Zygmund decomposition. 



sup \x - y\ > max I dist(x, I), — (length of J) I > dist(x, I) + (length of I) 
,,p, \ 16 / 



J^ WfiWi sup \xiiy)v^Nix -y)\ = Yj H/'lliTTi sup IxiiyWcwi^ - y)\ 



~ YL ll/^lliT7? / A'-i(z) sup \xi{y)Vd,N{x - y)\ dz 

~'^Y^ •^'■^(^) s^P UiiyWdM^ -y)\dz 



Then by the same Riemann sum argument from Theorem HOl 



Thus 



Ay"/ xi{z) sup \xi{yWd,Nix - y)\ dz 

< A y / xi{z) |Vd,N(dist(x,I) + (length of I))| dz 
^^ I T. ^^(^) |^d,N(dist(x, I) + (length of I))\ dz 
^A / \Vd,N{x-z)\dz<A 



T'\E 

< / ^{d),N*\v\^+ / %),N*i^r 

JT''\E iT''\E 

<A 



Finally, for Ir^ ', we will show that \\b]^ '\\^ < A 



14^' wi ^ £ kr w| ^ z / i//(y)ii^4w(^ - y)i ^y 



, ^T-* 



< y ll/jlli sup \Vd,N{x - y)\ 
} y<^J 

— sup \Vi_Nipc - y)\ 

} '-^ ye/ 

Now, we can bound this sum by a Riemann sum just as we did for h or b^ from 
TheoremlTOl Therefore, we have 

A y, 777 sup \Vd_Nix -y)\<A \Vd,N{x - z)\ dz 

y' W ye/ Jt" 

<A 
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In summary. 



HeRt/TAE 



< / (iC(rf),NH/~^l')(0)d0 

/T''\E 



JfiXE Jt<\e JT''\E 



as desired. n 

3.2. Higher Powers. Let us consider the statement analogous to TheoremlTOlwith 

p > 2 instead oip = 2: 



1 ^ r 
^"PmE/ \Snf{e)f dd < AP-'\\f\\{ 

N>\ '-^ r~r -'T\E 



N>1 ^^ ^ ./T\E 



where for all / e L^(T), |E| < j. We have reasonable suspicion to believe that 
this estimate may hold given Theorem |3] and Theorem [lOl However, we also may 
expect to obtain a contradicting statement if indeed we encounter growth in the 
integral of ^ Ln=i \Snf\^ on T \ E for p > 2 similar to the growth of the integral of 



1 



n=l 



on T for p > 1. By expanding the methods used for Theorem [Tol we can provide 
more evidence indicating the latter to be true: 

Proposition 14. Let A > 0. Then for f e 0{T), p>2, there exists E c T"*, with \E\ < \ 
such that 

N 

(13) sup(NlogP-2N)-iE / \Snf{ew de < Af-'\\f\\{ 

N>\ ^ ~'T\E 

Proof. We first prove that this estimate works for p = 2m, m e N, m > 2. An 
interpolation argument provides the rest of the result. First, we let ||/||i = 1, / > 0, 
and E = U/gg 5 ■ J where S is the set of bad intervals from a Calderon-Zygmund 
decomposition of / e L^ at height A for A > 1 . First we assume m = 2, then we 
consider the functions g and ^2 using the same notation as in Theorem [TOl where 
f = g + bi +b2- Then, we note that 

N 



ly/ \s„f{xtdx 

1 ^ r 

- N ^ ^ r 

+ 17E / |S„?'i(x)|*dx+-E / |S„M^)|^rfx. 

^ T~f Jt\E J^ T~f Jt\E 
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By the L* boundedness of the Hilbert Transform, 



n=l-^^^'^ H=l -"^ «=1 

1 ^ 

H = l 

We now make use of the fact that / is less than a constant factor of A on the small 
intervals. We also note that for any function / on T, /''^^ := f * Vjv, just as in 
Theorem[lOl Using the Hilbert transform again, we have 

TT y / \S,Mx)fdx = ^ y / \Snb^^\xtdx 

1 '^ 



Now for the large intervals we start by using the same process as before. We again 
note that D„ = ki+ k2, where ki{x) = X[-i i]{x)D„{x) and k2{x) = j[_i i]r(x)D„(i:) = 

^ e(nx)-e(-nx) / \ --ri 

C . ,\ — -Xi 1 iicW-Then 

sin(x) ''■1-^,^]'^ '' 

- y / is„bi(x)rdx = - y / \s„bf'\xtdx 

W ^ Jt\E W ^ Jx\E 

^^ ^ •^T\E 

+^E/ fc^^rwi''^^ 

and we first attack ki*b^ : 

- y / i(fci . &f ))(x)i^ rf^ = E / / A^[-i i](y)Dn(y)fcr(^ - y)^y 



rfx 



Xr_i i]{y)Dn{y)dy are measures of uniformly bounded mass because |D„| < n, so 
by Jensen 



N 

^E"X,,(^[-^4]*i^ri*)w^^ 

11=1 •'''\*^ 

<N2/' (xi.^.]*\bfY){x)dx 
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By the decomposition of bf^ from Theorem [TOl bf^ = V +b = Y^ies, Xi-ff^ + 



N' 



t(^,-M,-rr)w 



dx 



We first note that supp(b*) = U/egji* implies supp(|&*|*) = UjesJ*, and 



1 1 



«-Pp(^[-^,^] * l^t) - [tT' m] + U ^* <= U 5 ■ ^ = £ 



leSi leSi 



Therefore, 






and from the proof of Theorem [TOl we know that PIU S A, so 



W 



/ (xr-i 1 1 * l^n (x) ix < N^A^ / {x\-^ i,*l^l)(x)dx 
7t\eV ' "'"^ M /v / y^^^v I „,n1 I \) 



< N^A^-Plli 

<a3n 



For ^2/ if we suppress the X\-i. lv for the moment, we have 



y \k2*bf'\xtdx<y e{ny) 

~[ "'T\E ^ Jt\E Jt 



u(N) 



T\E 



T\E 



E 

E 



^^(x-y) 
sin(i/) 



T sm(y) 



r 



'b<^'(x-.)) 
sin(-) 



(n) 



dy 
dy 
dx 



dx 



dx 



where ;F denotes the Fourier Transform. Now we use the identity f{n)g{n) = 
/ * g{n) and Plancherel 



T\E 



E 



r 



(«) 



dx 



E 



T\E 



T\E JT 



r 



sin(-) 

b^;'\x--) bf\x--)] 



sin(-) sin(-) 

fcf'(x-.) &f)(x-.)l 
sin(-) sin(-) 



(n) 



dx 



(y) 



dydx 



bj%-Z) 



We note here that the convolution of Xt^ iv{z) ^.■„,,^ with itself leaves us with 
no ability to bound the set on which we expect the convolution to be large inde- 
pendently of N, namely U/ggj/ + U/gg^/ (for example, let {/} be a set of intervals 
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decreasing in size geometrically, then if N » A, U/ggjI + U/ggjI = T). We now use 
Young's inequality to bound the convolution 



T\E JT 



(bf^ix--) bf\x--)] 

* 

sin(-) sin(-) 



(y) 



dydx 



T\E \JT 



T\E JT 



h{yr)\hf\x - yi)| dy\ f kl{y2W^\x - yz)!' dy2dx 
where kj,{x) := X[-i X]c{x)\x\~^. We know from CorollarylTTlthat 

kliy2)\b'-^\x - y2fdy2dx < NA, 
so we look to show sup^.^^^^ /j. k3{yi)\b[ (x - i/i)| dyi < A log N. For any x eT\E, 
ks{x-y)\b'(^{y)\dy< f k,{x - yW {y)\ dy + f h{x- y)\b{y)\dy 

T JT J1 

< / h(x-y)\b\y)\dy + \ / h(x-y)dy 

JT JT 

< f h{x-y)\V{y)\dy + \\o^N. 

JT 



For b* , 



( h{x-y)W{y)\dy<y f h{x-y) 

T '~^ JT 



Y^xv{y)fT\y) 






dy. 



Just as we have done before, we use the fact that x e T \ E and y e U,C, = U/I* and 
therefore |x - yl > |/,| > |C,|. Thus, 



k^ix - y) 



1 



max(dist(x,C,),|C;D ~ dist(x,CO + |C/| 



when y e C/ 



and therefore 



Y,j^h{r-y) 



ExHy)/r(y) 



lESSj 



'^y^Tj ^3(^ - y) y, /i^j*(y) |/r^(y)| ^y 
<y /fc3(x-ykc,(y)y |/r(y)|dy 

~^dist(x,C,) + |C,l4^ll^^ 111 

< y \^ J- y iii» 

~/^dist(x,C,) + |C,l|C,l4^" HI 



rcC; 



CONVERGENCE OF STRONG ARITHMETIC MEANS OF FOURIER SERIES 



37 



Now using the properties of the fi and the fact that the C, are disjoint, we get 






\c~\ 



l^ dist(x,C,) + ICI ICI 4^ " HI ~ 4^ dist(x,C,) + ICI |( 

<Ky ^^ 

~ /-jdist(x,C,) + |C,l 

< A / k'i{x - y) dy < AlogN 
7t 



From this we have 



Ux - y)\}}^^{y)\ dy< f h{x - y)W{y)\ dy + AlogN 



T 

< AlogN 



,(N) 



Combining this with what we have already show for V). , we have 



y I \k2*hf\xfdx< 



T\E JT 



(b^^\x--) b<f\x--)] 

^ 

sin(-) sin(-) 

n2 



(y) 



dydx 



T\E 



(ih^ibf'^Dix)) (fc^*iCl')W^^ 



< sup Uh * i^^^Dw) / (^3 * i^ri')w dx 

X6T\E^ ^T\E 



< (AlogN^NA 



Finally, we have 



1 '^ r 

-Y \Snf{xtdx 

^ ^ -'t\e 

^TjT. \Sngixtdx+-y \S„b^ixtdx+-y \Snb2ixtdx 



^ '^^ + 77 ( A log N)2nA + A3 

N " 

< A3(logN)2 
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which is exactly what we want. For m e N and m > 2, we have the same Hilbert 
transform estimate for g and bz- For bi 

N „ N 

y \s,Mixf"'dx=y \is,Mx)r\^dx 

< 2], / n / '^2(y0^i(^ - i/0^i/< 

$ / \Fx*Fx*---* Fx(i/)\^ dydx 

Jt\e Jt 

/ If. tCj/i)! dyi \Fx*Fx*---* F.v(i/2)P di/2rf^ 



2 

dx 



< 

/t\e 



where Fv(i/) = X\-i. i>(^ ~ y) ^:„l^_„-, , the second to last line contains m-\ convo- 
lutions, and the last line contains m — 1 convolutions. A small note to take into 
account is that the second inequality gives the bound a dependence on m along 
with the following calculations. Then 

/ / |F,.(i/i)|di/i \Fx*Fx*---*Fx{y2)\^dy2dx 
iT\E \Jt / Jt 

< sup / hix - y)\bf\y)\ dyA / |F,. * F,. * ■ • • * Fxiyi)]^ dy2dx 

.T€T\E\"'T / JT\EiT 

< A2(log Nf f f \Fx*Fx*---* Fx(y2f dy2dx 

Jt\e Jt 

and the rest of the even powers follow from repeating this procedure. Interpolation 
gives the complete result. n 

Remark: At the moment, the proof of Proposition [14] is the best argument that 
is possible using the techniques of Theorem[lOl but Proposition [14] may not be the 
best formulation possible. 



4. Conclusion 

In conclusion, let us first revisit Theorem [3| by applying Theorem [lOJ to the 
statement on convergence in measure of strong arithmetic means of Fourier series. 

Proof of Theorem\3\for r = 2: Define the operator 



1 

AN.2f{x):= Aj^Y.lSnfixW. 

1 n=l 

then by Theorem[lOl sup^^^^ \lAN,2f{x) > A]\ < ^. Fix / e 0{T). We note that for 

any trigonometric polynomial^, it is obvious that limw^oo ^ Lh=i \Sng(x)-g(x)\^ = 
uniformly in T. Now let e > and let g be a trigonometric polynomial such that 
llg - /111 < e. Then ^ J^^^ \S„g{x) - g(x)p ^ as M ^ oo uniformly in T. Therefore, 
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let N be such that ^ Zn=i \Sng{x) - g{x)\'^ < ^ for all M>N. Then 



sup 



^ sup 



\MjL\^nm-Sng{x)?> Vi 



-p^^Ei^«-w>v^ 



^"P A M E '^"^^^^ ~ ^^^^'^ ^ "^ 



The second summand loses its dependence on A[,M, and since ^ Ln=i ISh^(^) - 
g^(x)p < y[e, the last summand vanishes. Then by removing a set £ from the first 
summand and using Markov's inequality we have 



sup 

M 



<|E| + 



A^£ls«(/-g)WF> V^ 

\ 1=1 I 

^^Pi^IZ / \5„{f - g){x)\^ dx 



\{\g{x)-f{x)\> V^}| 



11/ -gill 



where the final inequalities come from letting \E\ < yfe. Thus, 



sup 

M>N 



xeT 



1 ** 
\J^Yj\5nf{x)-f{x)\^>^e^ 

\ 1=1 



< V^ 



and this implies to the convergence in measure. Thus, applying the fact that 
convergence in measure implies convergence almost everywhere up to a choice of 
subsequence ends the proof. n 

This argument can be applied to Theorem|4]by utilizing Proposition [l3l There- 
fore, let us employ Theorem H] to prove Corollary |5l The following is basically an 
extension of the d = \ case shown in ([12J, Ch. 13): 

Proof of Corollary^ Fix / e L^(T'') by Theorem|4]there exists a subsequence {Nk\ so 
that for almost every e T** 



(14) 



^EM^)-/(<^o. 



k neRt 
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Fix a e T"^ for which convergence is satisfied and let Sjj := Sjif{d) and s := f{d). 
Fix e > 0. By l(T4)l . there exists fco such that for k>ko 



^ E 1^^- 



*: 7JeR+ 



sP < e^. 



For any N e N, let v(N) be the number of lattice points n e R^ where Istj-- s| > e and 
let /.i(N) be the number of lattice points n e R^ where \sjj - s| < e. Then for A: > fco 



,.>_,> |s,-s|^>^^^(^^) 



^k n€R* ^k 



Therefore, for k>ko 

(15) e > — and — > 1 - e. 

Nf Nf 

k k 

Form = 1, 2, ...,letA:„, e N be defined so that A:,„_i < k„, andforfc > k,„, ^ L«eR+ |Sh - sf < 
-^. Let Sm be the set of lattice points such that \s-n - s| < ^ then 

(16) Si 3 S2 3 ■ ■ ■ 3 S,„ 3 • • • . 

For each m, we will order the set S,,, n {R^ \ R^ ) so that 

U^"'^(^^„^.\^n,„)=:S = (shJ 

m>l 

is a sequence. It is obvious that 



It remains to show that 



lim |sjj^ - s| = 0. 

k—tco 






For a fixed A: e N, let ^ be such that k( < k < kc+i. By the definition of S and lfT6t , 
S n [0, NkY D Sc n[0, NkY and 

#{SnlO,NkY) ^#{Scn[0,NkY) 
By (Hill 



N^ 




N,^ 


#(Sf 




-^- 



Of course, S^^^^ < 1^^ and f ^ 00 as N, ^ 00 so 

j.^ #(Sn[0,N,]'') ^ ^ 






and we are done. 
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